We study the radiative pion decay π + → e + ν e γ within nonlocal chiral quark models that include wave function renormalization. In this framework we analyze the momentum dependence of the vector form factor F V (q 2 ), and the slope of the axial-vector form factor F A (q 2 ) at threshold. Our results are compared with available experimental information and with the predictions given by the NJL model. In addition we calculate the low energy constants ℓ 5 and ℓ 6 , comparing our results with the values obtained in chiral perturbation theory.
I. INTRODUCTION
The radiative pion decay π + → e + ν e γ is a very interesting process from different points of view. According to the standard description, the corresponding decay amplitude consists of the inner bremsstrahlung (IB) and structure-dependent (SD) terms. The former can be associated with the diagrams in which the photon is radiated by the electrically charged external legs (either pion or lepton), while the SD terms correspond to the photon emission from intermediate states generated by strong interactions. Since the IB contribution turns out to be helicity suppressed, this process is an adequate channel to study the SD amplitude, which provides information about strong interactions in the nonperturbative regime.
The SD contribution can be parameterized through the introduction of vector and axialvector form factors, F V (q 2 ) and F A (q 2 ) respectively, where q 2 is the squared invariant mass of the e + ν e pair [1] . From the experimental point of view, recent analyses [2] of π + → e + ν e γ decays have allowed the measurement of F V (0), F A (0), and the slope of the form factor F V (q 2 ) at q 2 = 0. In addition, ongoing experiments are expected to reach enough statistics to determine the slope of F A (q 2 ) at q 2 = 0 in the near future. On the theoretical side, the analysis of the form factors has been carried out in the framework of Chiral Perturbation Theory (χPT) [3] and effective meson Lagrangian methods [4] , which provide a good description of low-energy meson phenomenology. However, one can also address the question of how the form factors are connected to the underlying quark structure. Due to the nonperturbative nature of the quark-gluon interactions in the low-energy domain, to address this issue one is forced to deal with models that treat quark interactions in some effective way.
In this sense, the widely studied Nambu-Jona-Lasinio (NJL) model is the most popular schematic quark effective theory for QCD [5] [6] [7] . In this model quarks interact through a local, chiral invariant four-fermion coupling. Now, as a step towards a more adequate description of QCD, some extensions of the NJL that include nonlocal interactions have been proposed in the literature (see Ref. [8] and references therein). In fact, nonlocality arises as a natural feature of several well established approaches to low energy quark dynamics, such
as the instanton liquid model [9] , the Schwinger-Dyson resummation techniques [10] , and also lattice QCD calculations [11] [12] [13] . In the last years nonlocal chiral quark models have been applied to study different hadron observables with significant success [14] [15] [16] [17] [18] [19] [20] [21] [22] .
In a previous work [23] we have addressed the analysis of the vector and axial-vector form factors in π + → e + ν e γ in the framework of nonlocal chiral quark models. the measured value of F V (0), which turns out to be fully consistent with the corresponding value taken from F πγγ * (q 2 ) at q 2 = 0 [24] . We notice that the calculation of F V (q 2 ) in the framework of nonlocal models turns out to be technically involved, due to the presence of poles and cuts arising from the dressed quark propagators. Finally, to complete our analysis we also study the compatibility of our nonlocal models with effective meson theories such as χPT. In fact, it is seen that F A (0) and the pion charge radius r 2 π are related to the so-called χPT low energy constants (LECs) ℓ 5 and ℓ 6 , which encode the information of quark and gluon degrees of freedom. In χPT these LECs are input parameters taken from phenomenology, thus the compatibility with the predictions arising from effective quark models is a measure of the ability of these models to account for the underlying strong interaction physics.
The article is organized as follows: in Sect. II we describe the models and quote the analytical results for the vector form factor F V (q 2 ). The numerical results for vector and axial-vector form factors are presented and discussed in Sect. III. In Sect. IV we quote the values for the LECs obtained within our models, while in Sect. V we present our conclusions.
The full analytical expressions for the axial-vector form factor are quoted in Appendix I.
II. FORMALISM
The amplitude for the process π + → e + ν e (q) + γ(k) in Minkowski space can be written
Here G F and θ C stand for the Fermi constant and the Cabibbo angle, respectively; ε µ is the photon polarization vector, l µ is the lepton current, L αµ is a lepton tensor, and F V (q 2 ) and F A (q 2 ) denote the vector and axial-vector hadronic form factors mentioned in the Introduction. In this work we are interested in the study of these form factors in the context of nonlocal SU(2) chiral models that include wave function renormalization. These models are defined by the following Euclidean action [21, 22] :
Here m c is the current quark mass, which is assumed to be equal for u and d quarks, while the nonlocal currents j a (x), j P (x) are given by
where 
Note that the range (in momentum space) of the nonlocality in each channel is determined by the parameters Λ 0 and Λ 1 , respectively. The model includes now two additional free parameters, namely Λ 1 and κ p . We determine here the five model parameters so as to obtain the desired values of m π , f π and1/3 , and in addition we fix m c = 5.7 MeV and impose the condition z p (0) = 0.7, which is within the range of values suggested by recent lattice calculations [11, 13] . We will refer to this choice of model parameters and form factors as parameterization set B. Finally, we consider a different functional form for the form factors, given by
where The parameter values for all three parameter sets, as well as the corresponding predictions for several meson properties, can be found in Ref. [22] .
In order to derive the form factors we are interested in, one should "gauge" the effective action S E by introducing the electromagnetic field A µ (x) and the charged weak fields W ± µ (x). For a local theory this "gauging" procedure is usually done by performing the replacement
where
In the present case -owing to the nonlocality of the involved fields-one has to perform additional replacements in the interaction terms, namely
Here x and z are the variables appearing in the definitions of the nonlocal currents [see Eq. (3)], and the function W G (x, y) is defined by
where r runs over an arbitrary path connecting x with y. Once the gauged effective action is built, the explicit expressions for the vector and axial-vector form factors can be obtained by expanding to leading order in the product δπ
In the case of the vector form factor, one gets only a contribution associated with the triangle diagram represented in Fig. 1a . This is given by
where for convenience we have used the shorthand notation D ℓ = ℓ 2 + m 2 ℓ and ℓ ± r = ℓ ± r/2. The terms t 1 and t 2 in Eq. (18) read
with
The integrals in α ± h (ℓ, q) have their origin in the path dependence introduced through the "gauged" nonlocal effective action. The result in Eqs. (18) (19) (20) corresponds to the use of a straight line between points x and y in Eq. (17) .
For the case of the axial form factor the calculation is more involved since it receives not only a contribution from the triangle diagram in Fig. 1a (as occurs in the local NJL model) but also from other diagrams, which are represented in Figs. 1b-1e . Since the resulting expressions are rather long, we choose to relegate them to Appendix I where they are presented in detail. We recall that we have been working in Euclidean space, therefore our expressions for both F V (q 2 ) and F A (q 2 ) correspond to Euclidean q 2 . In order to obtain the form factors defined through the π + → e + ν e γ amplitude in Minkowski space [c.f. Eq. (1)] one should change q 2 → −q 2 .
III. NUMERICAL RESULTS FOR THE VECTOR AND AXIAL FORM FACTORS
In this section we present and discuss our numerical results for the vector and axialvector form factors. Let us start with the vector form factor F V (q 2 ). We will only restrict to values of q 2 which are in the region where one can rely on the applicability of effective chiral models, i.e. q to be repeated each time a new pole threshold is overpassed. In the case of set C the situation is even more complicated due to the existence of a cut arising from the particular q 2 dependence of the interaction form factors, Eqs. (12) and (13) . In any case, once these issues are taken into account, a smooth q 2 dependence of the vector form factors is obtained.
Before discussing in detail our predictions for the form factors associated with the charged pion radiative weak decay, let us note that one can also consider the related decay processes π 0 → γγ and π 0 → e + e − γ. For these processes the amplitude involves the π 0 γγ vertex form factor F πγγ * (q 2 ), where q 2 stands for the squared invariant mass of the virtual photon, defined here in Euclidean space. Experimental results can be well described by a single-pole parameterization,
Here it is important to mention that, in the chiral limit, the U(1) axial anomaly leads to the constraint F πγγ * (0) = 1/(4π 2 f π ) ≃ 0.274 GeV −1 , which is well satisfied by the non-local models of the type considered here [16] . Moreover, assuming the validity of the CVC hypothesis together with isospin arguments it is possible to prove that
In the case of the non-local models under consideration the validity of this relation also extends to finite values of q 2 , namely
The reason for this is that, in addition to respect CVC and isospin symmetry, the models do not include explicit vector channels in the quark-antiquark current-current interactions. As discussed below, differences between the isoscalar and isovector vector channel interactions could lead to violations of the relation in Eq. (22) at finite q 2 .
Our results for F V (q 2 ) are displayed in Fig. 2 , where we plot the curves corresponding to the form factors introduced in the previous section. In addition, in Fig. 2 [24] . In general, it is seen that the results for our parameter sets A, B and C turn out to be similar in the whole range of q 2 values considered. The particular values at q 2 = 0 are given in Table I . As already remarked in Ref. [23] , one expect these values to be basically coincident given the above mentioned constraint in the chiral limit. Concerning the q 2 dependence, it is interesting to note that for all three parameter sets the behavior can be very well reproduced by a single-pole fit of the form
In view of the relation Eq. (22) 
where the minus sign arises from the definition of
space. In Table I the values of λ V , λ ′ V and a V are given. We observe that a V is slightly different from the value of λ V . The discrepancy can be taken as measure how much the actual q 2 dependence of the vector form factors deviates from the single-pole behavior. This slight deviation can be also seen from the closeness between λ 2 V and λ ′ V , which should be equal in the single-pole limit. In general, it is seen that for all three parameterizations the results for λ V and a V are lower than experimental estimates (notice that some enhancement is found when going from sets A, B to the lattice-inspired set C). We remark that, given the fact that the calculated values of F V (q 2 ) are well adjusted by the single-pole fit in Eq. (23),
the discrepancies between the model predictions and the empirical fit observed in Fig. 2 can be traced back to the values of a V (or λ V ), i.e. the slopes of the curves at q 2 = 0.
In fact, these discrepancies are not unexpected, since our model does not include vectorvector interactions. The magnitude of the corresponding corrections can be estimated by considering e.g. the extended NJL model studied in Ref. [25] : indeed, it is seen that the vector contribution to π 0 → γγ * has the right order of magnitude and sign in order to account for the discrepancies. It is also interesting to point out that the contribution from the vector channel could be different for a V and a Table I by less than 0.5 %.
We turn now to the axial form factor F A (q 2 ). Contrary to the case of the vector form factor, F A (q 2 ) is not experimentally accessible for (Euclidean) q 2 > 0. As stated, the value of F A (0) has been measured from π + → e + ν e γ decay, and forthcoming experiments offer the possibility of determining the slope
The model predictions for these quantities are given in Table II . As it was discussed in Ref. [23] , for F A (0) the triangle diagram in Fig. 1a turns out to be the dominant one, giving at least 98% of the total value for all three parameter sets considered here. In the case of the slope the triangle diagram is still the dominant one, but the contributions from diagrams in Figs. 1b and 1e are also significant. One should note that nonlocal models of the type considered here lead to values of F A (0) which are significantly different from those of F V (0). This is remarkable, since other approaches like the NJL model [26] or the spectral quark model [27] tend to give F V (0) ≃ F A (0). Given the triangle diagram dominance mentioned above, the origin of this difference can be traced back to the different dressing of the γ µ and γ µ γ 5 terms in the coupling of the W to the quarks [22] . From Table II it is seen that the predictions for F A (0) in nonlocal models are significantly closer than the experimental value than the result obtained in the standard NJL model. Regarding the slope parameter λ A , we find that our predictions are quite similar for the three parameter sets considered, and turn out to be about 3/5 smaller than the value obtained in a resonance effective model [4] .
IV. PREDICTIONS FOR LECS OF CHIRAL PERTURBATION THEORY
In the previous section we have focused our attention on the ability of our quark models to reproduce the main features of the vector and axial-vector form factors. An alternative point of view (see for example Ref. [28] ) is to consider quark models as the generators of the pion χPT Lagrangian [29] . χPT describes the low energy physics of pions in a universal way, once the order in the momentum and chiral breaking expansion (i.e. the order in the chiral expansion) is specified. Different scenarios for quark models will lead to χPT Lagrangians with different values of the corresponding low energy constants (LECs) . In this section we analyze the connection between our quark scenarios and the χPT Lagrangian up to the fourth order in the chiral expansion.
The pionic Lagrangian that follows from performing a fourth order gradient expansion of our model bosonized action in the presence of external fields can be obtained using, for example, the method described in Ref. [28] . On general grounds, it should read
Here, U = (s, p i ) is a four-component real O(4) vector field of unit length, U T U = 1, and χ = 2B(S, P i ) is another O(4) vector proportional to the external scalar and pseudoescalar fields. The constant B is related to the vacuum expectation value of quarks in the chiral limit and it can be expressed as B = m 2 /2m c where m is the pion mass at leading order in the chiral expansion. This notation follows that of Ref. [29] where the definition of the covariant derivative ∇ µ and the field strength tensor F µν can be also found. Note that among all possible terms in L 4 only those relevant for our calculation have been explicitly
given.
As a result of the procedure that leads to Eq. (25) should treat them to the same order of approximation. Namely, we should calculate the relevant quantities in the chiral limit and its vicinity. As described in detailed in Ref. [22] , following this method the LECs ℓ 1 , ..., ℓ 4 can be obtained from the predicted π −π scattering parameters. Thus, in what follows we will concentrate on the remaining two parameters in Eq. (27) , namely ℓ 5 and ℓ 6 . These are related to the pion charge radius r 2 π and F A (0) /m π by [29] 
The required chiral limit values of f π , F A (0) /m π and r 2 π for our three parameterizations of nonlocal quark models are given in Table III . The numerical results for ℓ 5 and ℓ 6 are given in Table IV , together with recent phenomenological values obtained in χPT [31] and the values predicted within the Nambu-Jona Lasinio model [28] . For completeness we have also included the values of ℓ 1 , ..., ℓ 4 from Ref. [22] .
We observe that both the sign and the order of magnitude of the different LECs are in reasonably good agreement with the results from χPT for µ ∼ 2m π . In fact, as already stressed in Ref. [22] , for Set C the constants ℓ 2 and ℓ 4 are particularly very well reproduced, whereas the value of ℓ 3 is acceptable given the existing uncertainty. For ℓ 1 we obtain a rather large range of values when moving from one set of parameters to the other, but there is also a significative variation of this LEC with the choice of µ. Looking at the two new 
V. CONCLUSIONS
We have studied the vector and axial-vector form factors in π + → e + ν e γ in the framework of nonlocal chiral quark models using three different sets of model parameters. As an extension of a previous work [23] where we have determined the values of F V (0), F A (0) and
, here we have analyzed the vector form factor for values of q 2 up to 1 GeV 2 as well as the slope of F A (q 2 ) at threshold. While the latter is interesting in view of the comparison with future experimental results, the study of the behavior of F V (q 2 ) presents relevant theoretical motivations, since it can be related to the form factor F πγγ * (q 2 ) associated with the vertex πγγ * . We have found that the model predictions for the q 2 -dependence of the vector form factor can be well described by a single-pole parameterization. This is indicated by the fact that there is a slight difference between the values of the parameters a V and λ V for our three model parametrizations [the parameters a V and λ V are defined by Eqs. (23) and (24)]. On the other hand, it is found that for all three parametrizations our results for a V and λ V are below experimental estimates. These discrepancies are not unexpected, since our model does not include vector-vector interactions. In fact, a simple estimate based on an extended NJL model [25] indicates that the vector contribution to π 0 → γγ * has the right order of magnitude and sign in order to account for the differences. This could be tested for the present nonlocal models that include wave function renormalization through the explicit inclusion of vector-vector interactions. Regarding the slope parameter λ A , we find that our predictions are quite similar for the three parameter sets considered, and turn out to be about 3/5 smaller than the value obtained in a resonance effective model [4] . Finally, we also have extended the analysis of Ref. [22] , where the compatibility of our nonlocal models with effective meson theories such as χPT is studied. Indeed, we have been able to extract the model predictions for the χPT low energy constants (LECs) ℓ 5 and ℓ 6 , taking into account the relation between these LECs and the values of F A (0) and the pion charge radius r 2 π . Considering the results for ℓ 5 and ℓ 6 together with the values of ℓ 1 , .., ℓ 4 previously obtained in Ref. [22] , we observe that the predictions for both the sign and the order of magnitude of the LECs within the present non-local models are in overall reasonably good agreement with the results from χPT. For the particular case of ℓ 5 and ℓ 6 , we find that the (absolute) values obtained are somewhat small, a fact that as in the case of a V and λ V might be attributed to the lack of explicit vector and axial-vector interactions in our models. In any case, it is seen that nonlocal model predictions for ℓ 5 are closer to the result of χPT than the value obtained in the framework of the local NJL model. In this appendix we present the expressions for the contributions of the different diagrams in Fig. 1 to the axial form factor F A (q 2 ). Let us start by the triangle diagram in Fig. 1a , which yields
Here, and in what follows, we use the already introduced shorthand notation ℓ ± r = ℓ ± r/2, together with the functions α ± h (ℓ, q) defined in Eq. (20) . The coefficients c i with i = 1, ..., 9 are given by
and
The contributions of the other diagrams are the following:
for h = g or f . (21) and (22) .
